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1. Introduction
Neutrinos are possibly the most abundant particles in the Universe. The number of
neutrinos leftover from the Big Bang is sufficient enough to close the Universe were they
slightly more massive. They are produced during the stellar evolution and even more
copiously following supernovae explosions. According to the Standard Model of particle
physics their lifetimes are longer than the age of the Universe. Hence, once they are
formed they hang on, forming a diffuse supernova neutrino background. Despite this
abundance, after they were first proposed by Pauli, it took a long time before they can be
detected and many of their properties can be measured. Today, with the high-statistics
reactor neutrino experiments, neutrino physics has become a precision science. As a
result of solar, atmospheric, accelerator, reactor and geophysical experiments we know
that there are three active flavors of neutrinos which are not massless. Furthermore
weak interaction eigenstates are not the same as mass eigenstates, instead those two
eigenstates are related by a unitary transformation. Experimenters were able to measure
the differences between squares of those masses and the mixing angles, but not the CP-
violating phases, in this unitary transformation.
Symmetries and conservation laws play a key role in understanding many physical
phenomena and neutrino physics is no exception. The purpose of this article is to
briefly review symmetries especially of neutrino oscillations and neutrino transport. In
the next section we show that a symmetry associated with the SO(5) algebra and its
subalgebras connects Dirac and Majorana masses, see-saw mechanism, and Pauli-Gu¨rsey
transformation. In section III, we present the algebraic structure of neutrino mixing
with three active and an undetermined number of sterile neutrinos. Section IV covers
symmetries of collective neutrino oscillations which take place when a large number of
neutrinos are present as well as the role of these symmetries in approximate solutions
such as the mean-field approaches. A more technical presentation of the symmetries of
collective neutrino oscillations is placed in an Appendix. Section V describes why these
symmetries impact phenomena in neutrino astrophysics. Finally Section VI contains a
brief conclusion.
2. Symmetries of neutrino mass
2.1. Dirac versus Majorana neutrinos
The field associated with a free Dirac neutrino is a spinor with four independent
components. Hence a Dirac neutrino, which carries a conserved lepton number L = +1 is
distinct from a Dirac antineutrino, which carries a lepton number L = −1. In contrast,
the field associated with a free Majorana neutrino is a spinor is equal to its charge
conjugate, hence carries no conserved lepton number. Whether neutrinos are Dirac or
Majorana particles is not yet established. This is because most of the neutrinos which
are experimentally accessible are ultrarelativistic and the weak interactions are left-
handed, resulting in helicity being an excellent substitute for the lepton number. For a
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recent review of the neutrino properties the reader is referred to Ref. [1].
The Lagrangian for the Dirac mass term is
L = −mDψψ = −mD
(
ψRψL + h.c.
)
. (1)
For charged leptons the Dirac mass term is the only possibility to describe the interaction
between left- and right-handed spinors. There is yet another possibility for a mass term.
The charge conjugate of a, for example, left-handed spinor ψL is right-handed. Hence
a term like ψLψ
c
L would also be a mass term. Such a term was introduced by E.
Majorana who found a real representation of Dirac matrices [2]. However a Majorana
mass term violates charge conservation, hence it is only possible for neutral fermions,
such as neutrinos. The Lagrangian for the Majorana mass term composed of left-handed
spinors is
L = −mL
2
(
ψLψ
c
L + h.c.
)
, (2)
where the factor 1/2 is introduced to avoid double counting.
It is instructive to write the static Dirac Hamiltonian
HD =
∫
d3xψ(−i~γ · ∇+mD)ψ (3)
in terms of the massless fields
ψL(x, t) =
∫
dP
[
a(p, h = −1)u(p, h = −1)e−ip.x + b†(p, h = +1)v(p, h = +1)eip.x
]
, (4)
where dP = d3p/2E(2π)3 is the Lorentz invariant measure, u and v are the Dirac spinors
in the helicity basis, a and b are the associated creation-annihilation operators, and
ψR(x, t) =
∫
dP
[
a(p, h = +1)u(p, h = +1)e−ip.x + b†(p, h = −1)v(p, h = −1)eip.x
]
. (5)
One gets
HD =
∑
h
∫
dP
{
p
[
a†(p, h)a(p, h)− b(−p, h)b†(−p, h)
]
+ mD
[
a†(p, h)b†(−p, h) + b(−p, h)a(p, h)
]}
. (6)
Defining
Q+(p, h) = a
†(p, h)b†(−p, h) = (Q−(p, h))† , (7)
and
Q0(p, h) =
1
2
[
a†(p, h)a(p, h)− b(−p, h)b†(−p, h)
]
(8)
the Dirac Hamiltonian of Eq. (6) can be written as
HD =
∑
h
∫
dP {2pQ0(p, h) +mD [Q+(p, h) +Q−(p, h)]} . (9)
The Hamiltonian in Eq. (9) is mathematically analogous to the linearized BCS
Hamiltonian of superconductivity except that the operators Q+, Q− and Q0 do not
satisfy the SU(2) commutation relations. However their integrals
Q+,−,0 =
∑
h
∫
dP Q+,−,0(p, h) (10)
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satisfy the commutation relations of the SU(2) algebra:
[Q+,Q−] = 2Q0, [Q0,Q+] = Q+, [Q0,Q−] = −Q−. (11)
Hence the mass term in the field theory can be considered as resulting from a pairing
interaction between left- and right-handed components of a fundamental spinor field. In
fact the mathematical analogy between particle mass and the pairing gap in the BCS
theory of superconductivity was already remarked by Nambu and Jona-Lasinio in their
seminal paper [3] . (For a historical account see Ref. [4]).
The Hamiltonian in Eq. (6) can be diagonalized by a Bogoliubov transformation
A(p, h) = cosα a(p, h)− sinα b†(−p, h), (12)
B†(−p, h) = sinα a(p, h) + cosα b†(−p, h) (13)
where
cos 2α =
p
E
, sin 2α =
mD
E
(14)
with
E =
√
p2 +m2D. (15)
This result illustrates the fact that as the neutrino energy increases the left-handed
component of the neutrinos increases as p/E whereas the right-handed component
decreases asm/E. (Even though the calculation above is carried out for Dirac neutrinos,
one gets the same conclusion for Majorana neutrinos). Similarly as the antineutrino
energy increases the right-handed component of the antineutrinos increases as p/E
whereas the left-handed component decreases as m/E.
2.2. Algebraic structure of the see-saw mechanism
Why the neutrino masses are much smaller than the masses of charged leptons is an
unsolved puzzle. In the simplest version of the Standard Model there are no right-handed
neutrino fields, hence neutrinos are taken to be massless. However, introducing a right-
handed neutrino field, scalar under the the electroweak symmetry group SU(2)W×U(1),
it is possible to write down a Dirac mass term for neutrinos. In effective field theories
at lower energies beyond the Standard Model physics is described by local operators,
successively increasing in mass dimension, but suppressed by the powers of the energy
scale of new physics:
L = LSM + C
(5)
Λ
O(5) +∑
i
C
(6)
i
Λ2
O(6) +∑
i
C
(7)
i
Λ3
O(7) + · · · , (16)
where Λ is the scale of new physics, O(n)i are the possible operators of dimension n,
and C(n) are strengths of their contribution to the Lagrangian. There is only a single
mass-dimension five correction to the Standard Model Lagrangian [5] and it provides a
Majorana mass for neutrinos.
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Combining Dirac and Majorana masses, the see-saw mechanism provides one
possible explanation for the smallness of the neutrino masses [6]. One starts with the
mass term of the Lagrangian containing both Dirac and Majorana Masses:
Lm = − 1
2
[
mLψcLψL +mRψRψ
c
R + 2mDψRψL + h.c.
]
= − 1
2
(
ψcL, ψR
)( mL mD
mD mR
)(
ψL
ψcR
)
+ h.c.. (17)
Diagonalizing the mass matrix this can be written as
Lm = − 1
2
[
m+ +
√
m2− +m2D
]
(cosϕ ψL + sinϕ ψ
c
R)
− 1
2
[
m+ −
√
m2− +m2D
]
(− sinϕ ψL + cosϕ ψcR) + h.c. (18)
where
cosϕ =
1√
2

1 + m−√
m2− +m2D


1/2
, sinϕ =
1√
2

1− m−√
m2− +m2D


1/2
(19)
with
m± =
mL ±mR
2
. (20)
The basic idea of the see-saw mechanism is very simple. In a scenario where mL = 0
and mR ≫ mD, Taylor expanding the quantities in Eq. (18) in powers of mD/mR and
keeping the lowest order terms one obtains one light neutrino with mass ∼ m2D/mR
associated with the state ∼ ψL− (mD/mR)ψcR and one heavy neutrino with mass ∼ mR,
associated with the state ∼ (mD/mR)ψL + ψcR. There are many variants of the see-saw
models in the literature.
We next explore, following Ref. [7], the underlying algebraic basis of the see-saw
mechanism. First one can show that the three sets of operators,
D− =
∫
d3x(ψ¯RψL) = D
†
+, D0 =
1
2
∫
d3x(ψ†LψL − ψ†RψR), (21)
L+ =
1
2
∫
d3x(ψ¯Lψ
c
L) = L
†
−, L0 =
1
4
∫
d3x(ψ†LψL − ψLψ†L), (22)
and
R+ =
1
2
∫
d3x(ψ¯cRψR) = R
†
−, R0 =
1
4
∫
d3x(ψRψ
†
R − ψ†RψR) (23)
generate three distinct SU(2) algebras. We designate them as SU(2)D, SU(2)L and
SU(2)R, respectively. In Eqs. (21), (22), and (23), ψL and ψR are the left- and right-
handed components of the same spinor field and the superscript c indicates their charge
conjugates as before. The SU(2)D algebra is the same SU(2) algebra given in Eq. (11),
but in rotated basis, i.e. the generators D±,0 are linear combinations of the generators
Q±,0.
Note that the algebras SU(2)L and SU(2)R are mutually commuting. However
SU(2)D does not commute with them, in particular D0 is not an independent operator,
Symmetries and Algebraic Methods in Neutrino Physics 6
but the sum of L0 and R0. The most general neutrino mass Hamiltonian (not the
Hamiltonian density)‡ can be written in terms of the operators listed above:
Hm = mD(D+ +D−) +mL(L+ + L−) +mR(R+ +R−), (24)
where mD is the Dirac mass with mL and mR being Majorana masses associated with
left- and right-handed spinors, respectively. Introducing two more operators,
A+ =
∫
d3x
[
−ψTLCγ0ψR
]
, A− =
∫
d3x
[
ψ†Rγ0C(ψ
†
L)
T
]
, (25)
one can show that the operators D±, L±, R±, L0, R0 and A± are the ten generators of
the SO(5) algebra.
To establish the connection to the see-saw mechanism we need to identify yet
another SU(2) subalgebra of SO(5). The operators A± along with A0 ≡ R0 − L0
also generate an SU(2) algebra. As we show below this fourth SU(2) algebra is related
to the Pauli-Gu¨rsey transformation [8],
ψ → ψ′ = aψ + bγ5ψc, |a|2 + |b|2 = 1. (26)
Under the SU(2) group associated with this algebra,
Uˆ = e−τ
∗A−e− log(1+|τ |
2)A0eτA+eiϕA0 , (27)
the field ψ transforms as
ψ → ψ′ = UˆψUˆ † = e
iϕ/2√
1 + |τ |2
[ψ − τ ∗γ5ψc], (28)
which is a Pauli-Gu¨rsey transformation with
a =
eiϕ/2√
1 + |τ |2
, b =
−τ ∗eiϕ/2√
1 + |τ |2
. (29)
It can easily be shown that under the transformation of Eq. (27) with τ = tanϕ where
ϕ is given by the Eq. (19), the Hamiltonian of Eq. (24) transforms as
Hm → H ′m = UˆHmUˆ † = m+ [(L+ + L−) + (R+ +R−)]
−
[
m2− +m
2
D
]1/2
[(L+ + L−) + (R+ +R−)] . (30)
Making the choice mL = 0 and mR ≫ mD as before, one obtains the result
H ′m ∼ m(R) (R+ +R−)−
m2D
mR
(L+ + L−) . (31)
Hence the Pauli-Gu¨rsey SU(2) rotation generated by the operators A±, A0 produces a
see-saw type transformation.
‡ This is the Hamiltonian associated with the Lagrangian density in Eq. (17) up to an overall factor.
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3. Neutrino mixing and oscillations
Experimental efforts during the last several decades firmly established that there are
three active neutrino flavors which participate in the electroweak interactions, that at
least two of those flavors are massive, and that the mass eigenstates and electroweak
eigenstates do not coincide, but are related by a linear transformation:
|νf〉 =
∑
i
Ufi|νi〉, (32)
where f and i are the flavor and mass basis indices, respectively. It is not yet clear if
this transformation U is unitary with only the three active neutrinos, or if there are
additional mass eigenstates which do not directly take part in the weak interactions,
but nevertheless mix with the active flavors which do. If there are no such sterile flavors
the 3 × 3 mixing matrix for the active neutrinos would be a unitary matrix. At the
moment there are hints, but no direct experimental evidence for such sterile states.
If there are N flavors (active plus sterile), the mixing matrix will be an N × N
unitary matrix with determinant one, i.e. the fundamental representation of the group
SU(N). Such matrices are parameterized by N2 − 1 independent real parameters. In
general a given element of the U(N) group can be written as a product of N(N − 1)/2
distinct and non-commuting SU(2) rotations and a diagonal matrix of pure phases. Each
of those SU(2) rotations are parameterized by one Euler angle and one phase. Hence
an N ×N mixing matrix can be written using N(N − 1)/2 Euler angles and[
1
2
N(N − 1)
]
+N − 1 (33)
phases§. The −1 factor above accounts for the overall phase set to zero to impose
unitarity; this is required to ensure that physics does not depend on the choice of basis).
Some of these phases can be absorbed into the definition of neutrino states. The number
of remaining phases depend on whether neutrinos are Dirac or Majorana particles since
Majorana fermions need to be self charge-conjugate. For three active and no sterile
flavors a commonly used parameterization is
U =


1 0 0
0 C23 S23
0 −S23 C23




C13 0 S13e
−iδCP
0 1 0
−S13eiδCP 0 C13




C12 S12 0
−S12 C12 0
0 0 1


×


1 0 0
0 eiα1/2 0
0 0 eiα2/2

 , (34)
where Cij = cos θij , Sij = sin θij , δCP is the CP-violating phase and α1,2 are the Majorana
phases.
§ Taking all but one of the entries in two of the rows of the mixing matrix to be proportional results
in the decoupling of one of the mass eigenstates from the mixing matrix [10]. Such restrictions may
help model building [11, 12].
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Since different mass eigenstates propagate with different velocities, the detection
amplitude of any flavor will oscillate as neutrinos travel. The propagation is governed
by the equation
i
∂
∂t
|νf〉 =
[
Ufi
(
p+
m2i
2p
)
δijU
†
jf ′ + vfδff ′
]
|νf ′〉 (35)
where mi is the mass associated with the ith mass eigenstate, p is the common momenta,
ve = VC + VN , vµ = vτ = VN with
VC = ±
√
2GF [Ne−(x)−Ne+(x)] (36)
where the plus sign refers to electron neutrinos, the minus sign refers to electron
antineutrinos and
VN = − 1√
2
GFNn(x) (37)
where Ne and Nn are the electron and neutron densities, respectively, of the background
in which neutrinos travel through. VC and VN result from coherent forward scattering of
neutrinos from the background particles, calculated using tree-level diagrams. In writing
Eqs. (36) and (37) the background is assumed to be static and locally charge-neutral:
the proton density is taken to be the same as Ne. A term proportional to the identity
contributes the same overall phase to all the flavors and do not effect the oscillations.
Consequently if there are no sterile flavors, Nn drops out of the oscillation amplitudes,
but it contributes if there are one or more sterile flavors since vf = 0 for those additional
flavors.
Oscillation experiments determine either the survival probability of the original
flavor (“disappearance” experiments) or the appearance of a new flavor (“appearance”
experiments). The Majorana phases do not contribute to the either probability. CP-
violating phases drop out from some, but not all, of the oscillation probabilities. If they
are set to zero the neutrino mixing matrix becomes an element of the SO(N) algebra for
N flavors‖. But the diagonal term between the two mixing matrices as well as the term
vfδff ′ in Eq. (35) belong to the coset SU(N)/SO(N) keeping neutrino propagation still
an SU(N) evolution problem even when CP-violating phases vanish.
It is convenient to write Eq. (35) in the form
i
∂
∂t
|νf〉 = Hff ′ |νf ′〉 (38)
where
Hff ′ =
[
Ufi
(
p+
m2i
2p
)
δijU
†
jf ′ + vfδff ′
]
. (39)
Introducing the combinations
ν˜µ = cos θ23 νµ − sin θ23 ντ , (40)
and
ν˜τ = sin θ23 νµ + cos θ23 ντ (41)
‖ See the discussion in the Appendix of Ref. [13].
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for three active flavors Eq. (35) takes the form
i
∂
∂t


|νe〉
|ν˜µ〉
|ν˜τ 〉

 = H˜


|νe〉
|ν˜µ〉
|ν˜τ 〉

 (42)
where
H˜ =

T˜


m21/2p 0 0
0 m22/2p 0
0 0 m23/2p

 T˜ † +


Vc 0 0
0 0 0
0 0 0



 (43)
with
T˜ =


C13 0 S13e
−iδ
0 1 0
−S13eiδ 0 C13




C12 S12 0
−S12 C12 0
0 0 1

 . (44)
In writing the equations above an overall phase is ignored. One can show that the
dependence of the Hamiltonian H˜(δ) on the CP-violating phase can be factored out
[14]:
H˜(δ) = S†(δ)H˜(δ = 0)S(δ) (45)
where
S(δ) =


1 0 0
0 1 0
0 0 eiδ

 . (46)
Using this factorization one can relate survival or appearance probabilities for the two
cases with δ = 0 and δ 6= 0. It should be emphasized that this factorization is valid only
for three active flavors and it no longer holds if there are one or more sterile neutrinos
which mix with the active ones.
Since an overall phase does not impact oscillations, only the two differences of
the neutrino masses, δm221 = m
2
2 − m21 and δm232 = m23 − m22 contribute to the
oscillation amplitudes. Similarly if one ignores the loop corrections [15] to the Eqs.
(36) and (37) and excludes sterile neutrinos, only electron density contributes to these
amplitudes. Experimentally these two mass differences were found to differ by two
orders of magnitude. This separation of scales motivates a two-flavor description of
neutrino oscillations in matter. A typically encountered form in the literature is
i
∂
∂t
( |νe〉
|νx〉
)
=

 GFNe√2 − δm24E cos 2θ δm24E sin 2θ
δm2
4E
sin 2θ −GFNe√
2
+ δm
2
4E
cos 2θ


( |νe〉
|νx〉
)
,(47)
where νx can be taken as a linear combination of νµ and ντ ). If θ13 were exactly zero,
then the above equation would be exact with νx given by Eq. (40) with θ = θ12 and
δm2 = δm221 [16].
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4. Collective neutrino oscillations
In certain astrophysical environments such as core-collapse supernovae and merging of
binary neutron stars a very large number of neutrinos are present. For example in a core-
collapse supernova almost all the gravitational binding energy of the pre-supernova star
is deposited in the proto-neutron star, which cools by emitting neutrino-antineutrino
pairs. In such situations even the average energies of different flavors are different
since only electron neutrinos participate in charged-current weak interactions. In these
environments it is no longer possible to ignore the contribution of the neutrino-neutrino
scattering to neutrino propagation. Neutrino transport then becomes a many-body
problem, hence it is more transparent to use the many-body language. To this end
we introduce creation and annihilation operators for neutrinos and antineutrinos. It is
more instructive to first consider a many-neutrino system containing only two flavors of
neutrinos, which we take to be the electron neutrino, νe, and an unspecified flavor, νx.
Later we will add the third flavor and antineutrinos.
Introducing the creation and annihilation operators for one neutrino with three
momentum p, we can write down the generators of an SU(2) algebra [17]:
J+(p) = a
†
x(p)ae(p), J−(p) = a
†
e(p)ax(p),
J0(p) =
1
2
(
a†x(p)ax(p)− a†e(p)ae(p)
)
. (48)
In fact there are as many SU(2) algebras as the number of different momenta, which
commute with each other¶. The sum of these operators over all possible values of
momenta also generate a global SU(2) algebra. Using the operators in Eq. (48) the
Hamiltonian for a neutrino propagating through matter takes the form
Hν =
∫
d3p
δm2
2p
[
cos 2θJ0(p) +
1
2
sin 2θ (J+(p) + J−(p))
]
−
√
2GF
∫
d3pNe J0(p). (49)
In Eq. (49), the first integral represents the neutrino mixing and the second integral
represents the neutrino forward scattering off the background matter. Since different
SU(2) algebras for different momenta commute with each other, the propagation of
neutrinos with a given momentum is independent of the propagation of neutrinos
carrying other momentum values. Note that Ne in the second term of Eq. (49) is
inside the momentum integral since electron densities encountered by neutrinos traveling
in different directions can be different. If one substitutes the two-dimensional Pauli
matrices representation of SU(2) in Eq. (49) one obtains the Hamiltonian of Eq. (47) for
a given momentum. Neutrino-neutrino forward-scattering contributions are described
by the Hamiltonian
Hνν =
√
2
GF
V
∫
d3p d3q (1− cosϑpq) J(p) · J(q), (50)
where ϑpq is the angle between neutrino momenta p and q and V is the normalization
volume. The (1− cos ϑpq) term in the integral above ensures that neutrinos traveling in
¶ To be mathematically rigorous one should specify the values of the momenta to be discrete following
a box quantization so that one gets an SU(2) algebra instead of a current algebra.
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the same direction do not forward scatter off each other. Note that contributions from
collisions are proportional to G2F and can be ignored in a first approximation.
The total Hamiltonian Hν + Hνν describes collective neutrino oscillations. Note
that the only term which contains the neutrino masses is the first term in Eq. (49).
In particular in writing Hνν neutrino masses are set to zero. Antineutrinos can be
incorporated by introducing a second set of SU(2) algebras. There are excellent reviews
of the astrophysics applications of the collective neutrino oscillations [18, 19]; those
applications are beyond the scope of this article which focuses on symmetries and
algebraic approaches.
4.1. Single-angle approximation and conserved quantities
For pedagogical convenience in this subsection we take neutrino momenta to be
discrete and replace the integrals with sums. When neutrino-neutrino interactions
significantly contribute to neutrino propagation they are the dominant contribution
to the Hamiltonian. Hence in most cases one can ignore the neutrino interactions with
the background electrons. In this approximation one can write the total Hamiltonian
in a compact form as
H =
∑
p
ωpB · J(p) +
√
2
GF
V
∑
p,q
(1− cosϑpq) J(p) · J(q) (51)
where ωp = δm
2/2p and the auxiliary vector B was introduced. The Hamiltonian in
Eq. (51) can be written either in the mass or flavor basis; those two Hamiltonians are
related by a unitary transformation. The second term is the same in both bases whereas
the first term changes as
Bmass = (0, 0,−1) (52)
or
Bflavor = (sin 2θ, 0,− cos 2θ). (53)
A further approximation is to replace the quantity (1 − cosϑpq) by its average value
over the ensemble; this is known as the single-angle approximation resulting in the
Hamiltonian
H =
∑
p
ωpB · J(p) + µ
∑
p,q,p 6=q
J(p) · J(q) (54)
where we defined µ = (
√
2GF/V )〈1 − cosϑpq〉. The Hamiltonian in Eq. (54) is
mathematically analogous to the BCS Hamiltonian and one can find its eigenvalues
and eigenfunctions using a Bethe ansatz. The details of this approach is described in
the Appendix. One finds that the quantities [20]
hp = B · J+ µ
∑
q,q 6=p
J(p) · J(q)
ωp − ωq (55)
commute with one other:
[hp, hq] = 0. (56)
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It is easy to show that the Hamiltonian of Eq. (54) can be written as
H =
∑
p
ωphp (57)
demonstrating that hp are conserved quantities. One can form other combinations of
hp’s to construct different invariants. For example∑
p
hp = B · J (58)
where J =
∑
p Jp. In addition to these invariants the overall SU(N) symmetry, where N
is the number of neutrino flavors, shapes the neutrino energy spectra [21].
It is possible to extend this analysis to three flavors of neutrinos and antineutrinos
by introducing two sets of SU(3) algebras [22] and construct the invariants. If one ignores
the interaction between neutrino magnetic moments and external magnetic fields, one
can also show that the CP-violating phase factors out of the evolution equations as it is
demonstrated in Eq. (45) for the case without neutrino-neutrino interactions [22, 23].
4.2. Mean Field Approximations
Finding exact solutions to many-body Hamiltonians is exceedingly difficult,
consequently approximations are introduced. In the mean-field approximation one
approximates a two-body term written as a product of two operators Oˆ1 and Oˆ2 as
Oˆ1Oˆ2 ∼ Oˆ1〈Oˆ2〉+ 〈Oˆ1〉Oˆ2 − 〈Oˆ1〉〈Oˆ2〉 (59)
provided that the commutator [Oˆ1, Oˆ2] is very small to begin with. Averages in Eq.
(59) are calculated with a suitably defined wavefunction. Clearly such a wavefunction
should satisfy the condition 〈Oˆ1Oˆ2〉 ∼ 〈Oˆ1〉〈Oˆ2〉. Product of a set of coherent states for
the SU(2) algebras given in Eq. (48) and their antineutrino counterparts is commonly
used as this wavefunction. In fact, one can rigorously show that the saddle-point
approximation to the path integral describing evolution of the Hamiltonian in Eq. (51)
provides a consistent mean-field if this path integral is written using the resolution of
identity for these coherent states [17]. Another possibility to determine the mean field
is to treat the problem using Bogoliubov, Born, Green, Kirkwood, and Yvon hierarchy
method. In this method the exact density operator can be written in terms of a hierarchy
of one-, two-, three-body,.. density operators where the mean field corresponds to the
lowest order [24, 25].
As mentioned before, in writing the Hamiltonian of Eq. (51) neutrino masses
are ignored; all the neutrinos are taken to be left-handed and all the antineutrinos to
be right-handed. The SU(2) algebras for neutrinos and antineutrinos commute and the
product coherent state used to calculate the mean field gives a mean field which consists
of either only neutrinos or only antineutrinos. It is possible to choose mean fields which
contain both neutrinos and antineutrinos [26, 27]. Since such a mean field contains both
left-handed and right-handed neutrino spinors, it has to be proportional to the neutrino
mass.
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The mean-field Hamiltonian in the single-angle limit is
H =
∑
p
ωpB · Jp + µP · J (60)
where the mean field is given by P =
∑
pPp =
∑
p〈Jp〉. Even though this Hamiltonian
looks linear in the SU(2) generators one has to remember that P still contains
information about these generators. To see that one can write the equation of motion
d
dt
Jp = (ωpB+ µP)× Jp. (61)
Clearly consistency of the formalism also requires the following equation to be satisfied:
d
dt
Pp = (ωpB+ µP)×Pp. (62)
Using Eq. (62) one can show that the invariants in the mean field limit
〈hp〉 = B ·Pp + µ
∑
q,q 6=p
Pp ·Pq
ωp − ωq (63)
remains constant, i.e. d〈hp〉/dt = 0.
One interesting effect resulting from the collective neutrino oscillations is spectral
swappings or splits, on the final neutrino energy spectra: at a particular energy these
spectra are almost completely divided into parts of different flavors [28, 29]. Spectral
splits were originally observed in calculations using the mean-field approximation.
However recently assuming the conditions are perfectly adiabatic so that the evolution of
the eigenstates follow their variation with the interaction rate, it was shown in an exact
calculation that an initial state which consists of electron neutrinos and antineutrinos
of an orthogonal flavor develops a spectral split at exactly the same energy predicted
by the mean field formulation [30].
5. Connection to astrophysics
Since neutrino interactions with ordinary matter are rather feeble, neutrinos can
carry energy and entropy over astronomical distances without much impediment.
Consequently they can have a very significant impact on astrophysical phenomena. In
a main-sequence star neutrinos emitted from the nuclear reactions at the core provide
an outward energy flux which counterbalances gravity. Once the star runs out of fuel,
during the resulting core-collapse capture of electrons on protons and nuclei produces
a brief neutrino burst. The resulting proto-neutron star possesses almost all of the
gravitational binding energy of the pre-supernova star: 1053 ergs or 1059 MeV. The
quickest way to release this very large amount of energy is emitting it as neutrino-
antineutrino pairs. As these neutrinos travel outward they impact many aspects of
the core-collapse supernovae with their properties playing a salient role in controlling
the dynamics. The average energy of these neutrinos is typically 10 MeV or so, hence
altogether one has a total number of 1057 ∼ 1058 neutrinos emitted, resulting in onset
of collective neutrino oscillations. In addition, both the core-collapse supernovae and
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mergers of binary neutron stars are likely to be sites of various element formation
scenarios.
For many nucleosynthesis processes the yields are determined by the neutron-to-
proton ratio in the relevant site. We next sketch how neutrinos control this ratio. We
start with the expression for the mass fraction, Xj, of species of kind j:
Xj =
NjAj∑
iNiAi
, (64)
where Nj is the number of species of kind j per unit volume, and Aj is the atomic weight
of the j-th species. Then the number abundance of species j relative to baryons, Yj, is
given by
Yj =
Xj
Aj
=
Nj∑
iNiAi
. (65)
The electron fraction, Ye, is the net number of electrons (number of electrons minus the
number of positrons) per baryon:
Ye = (ne− − ne+)/nB, (66)
where ne− , ne+ , and nB are number densities of electrons, positrons, and baryons,
respectively. Using Eq. (65) it takes the form
Ye =
∑
j
ZjYj =
∑
i
(
Zj
Aj
)
Xj
= Xp +
1
2
Xα +
∑
h
(
Zh
Ah
)
Xh, (67)
where Zj is the charge of the species of kind j, and Xp, Xα, and Xh, are the
mass fractions of protons, alpha particles, and heavier nuclei (“metals” in astronomy
parlance), respectively.
Primary reactions that control the neutron-to proton ratio is the capture reactions
on free nucleons
νe + n⇀↽ p + e
−, (68)
and
ν¯e + p⇀↽ n + e
+. (69)
The rate of change of the number of protons is given by
dNp
dt
= −(λν¯e + λe−)Np + (λνe + λe+)Nn, (70)
where λνe and λe− are the rates of the forward and backward reactions in Eq. (68) and
λν¯e and λe+ are the rates of the forward and backward reactions in Eq. (69). Since the
value of
∑
iNiAi does not change with weak (neutrino) interactions, one can rewrite Eq.
(70) in terms of mass fractions
dXp
dt
= −(λν¯e + λe−)Xp + (λνe + λe+)Xn. (71)
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In the absence of heavier nuclei one has
Ye = Xp +
1
2
Xα. (72)
Because of the very large binding energy of alpha particles the rate of its interactions
with neutrinos is nearly zero and we can write dYe/dt = dXp/dt. Using the constraint
Xp +Xn +Xα = 1 and Eq. (72), Eq. (71) can be rewritten as
dYe
dt
= λn − (λp + λn)Ye + 1
2
(λp − λn)Xα, (73)
where we introduced the total proton loss rate λp = λν¯e + λe− and the total neutron
loss rate λn = λνe + λe+. If the environment reaches an equilibrium with respect to the
weak interactions, Ye stops changing: dYe/dt = 0. From Eq. (73) one can write the
equilibrium value of the electron fraction
Ye =
λn
λp + λn
+
1
2
λp − λn
λp + λn
Xα. (74)
The reaction rates in Eq. (74) are functions of the electron neutrino and electron
antineutrino fluxes that reach the site of nucleosynthesis. These fluxes are in turn
controlled by either collective or matter-enhanced oscillations of neutrinos between their
origin and the nucleosynthesis site. Neutrino properties need to be taken into account
in understanding the formation and distribution of the elements in the Universe. For
further details we refer the reader to the literature (see, e.g. Ref. [31]).
6. Conclusions
Symmetry properties and algebraic approaches can play a significant role in describing
neutrino propagation with or without a background of other particles, including
neutrinos. Appropriate techniques and relevant results are usually scattered throughout
the literature: this article brings together several such techniques and results. In
particular, the utility of symmetries is illustrated with examples chosen from the see-saw
mechanism and both matter-enhanced and collective neutrino oscillations.
Appendix A. Gaudin Method
In this appendix we summarize the method Gaudin introduced to study spin
Hamiltonians [32]. One starts with the following algebra:
[S+(λ), S−(µ)] = 2
S0(λ)− S0(µ)
λ− µ , (A.1)
[S0(λ), S±(µ)] = ±S
±(λ)− S±(µ)
λ− µ , (A.2)
[S0(λ), S0(µ)] = [S±(λ), S±(µ)] = 0. (A.3)
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In the above equations λ and µ are arbitrary complex parameters. Considering mutually
commuting SU(2) algebras:
[Jˆ+i , Jˆ
−
j ] = 2δij Jˆ
0
j , [Jˆ
0
i , Jˆ
±
j ] = ±δij Jˆ±j .
a realization of the Gaudin algebra can be given as:
S0(λ) = A+
∑
k
Jˆ0k
ωk − λ and S
±(λ) =
∑
k
Jˆ±k
ωk − λ, (A.4)
where ωk and A are arbitrary constants. For applications to the collective neutrino
oscillations we choose ωp = δm
2/2p. Note that
[Jˆ0, S±(λ)] = ±S±(λ) (A.5)
where Jˆ0 =
∑
i Jˆ
0
i . The operators
X(λ) = S0(λ)S0(λ) +
1
2
S+(λ)S−(λ) +
1
2
S−(λ)S+(λ) (A.6)
commute for different values of the parameters:
[X(λ), X(µ)] = 0, λ 6= µ. (A.7)
One also gets
[X(λ), Jˆ0] = 0. (A.8)
A lowest weight vector |0〉 is chosen to satisfy the conditions
S−(λ)|0〉 = 0, and S0(λ)|0〉 = W (λ)|0〉, (A.9)
indicating that the state |0〉 is an eigenstate of the operator X(λ):
X(λ)|0〉 =
[
W (λ)2 −W ′(λ)
]
|0〉, (A.10)
where prime denotes derivative with respect to λ.
To find other eigenstates of the operator in Eq. (A.6) we consider the state
|ξ〉 ≡ S+(ξ)|0〉 for an arbitrary complex number ξ. One gets
[X(λ), S+(ξ)] =
2
λ− ξ
(
S+(λ)S0(ξ)− S+(ξ)S0(λ)
)
. (A.11)
Hence, if W (ξ) = 0, then S+(ξ)|0〉 is an eigenstate of X(λ) with the eigenvalue
E1(λ) =
[
W (λ)2 −W ′(λ)
]
− 2W (λ)
λ− ξ . (A.12)
This procedure can be generalized. Indeed a state of the form
|ξ >≡ |ξ1, ξ2, . . . , ξn >≡ S+(ξ1)S+(ξ2) . . . S+(ξn)|0 > (A.13)
is an eigenvector of H(λ) if the complex numbers ξ1, ξ2, . . . , ξn satisfy the so-called Bethe
Ansatz equations:
W (ξα) =
n∑
β=1
(β 6=α)
1
ξα − ξβ for α = 1, 2, . . . , n. (A.14)
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Corresponding eigenvalue is
En(λ) =
[
W (λ)2 −W ′(λ)
]
− 2
n∑
α=1
W (λ)−W (ξα)
λ− ξα . (A.15)
The state in Eq. (A.13) is not normalized. The normalized eigenstate can be formally
written as
|ξ >= |ξ1, ξ2, . . . , ξn >= Q+(ξ1)Q+(ξ2) . . . Q+(ξn)|0 > (A.16)
where we defined
Q+(λ) = S+(λ)
1√
S−(λ)S+(λ)
. (A.17)
This definition works for all states except for the highest weight state.
At this point we adopt the notation J(p) = Jp. To establish the connection to the
neutrino Hamiltonians we write X(λ) explicitly using the realization given in Eq. (A.4):
X(λ) =
∑
p
J2p
(ωp − λ)2+
∑
p,q,p 6=q
Jp · Jq
(ωp − λ)(ωq − λ)+2A
∑
p
J0p
(ωp − λ)+A
2.(A.18)
Clearly [J2p, Si(µ)] = 0 = [J
2
p, X(µ)]. Then
[H(λ), X(µ)] = 0 (A.19)
and
[H(λ),H(µ)] = 0 (A.20)
where we defined
H(λ) = ∑
p,q,p 6=q
Jp · Jq
(ωp − λ)(ωq − λ) + 2A
∑
p
J0p
(ωp − λ) . (A.21)
Since
1
(ωp − λ)(ωq − λ) =
1
(ωq − ωp)
(
1
ωp − λ −
1
ωq − λ
)
, (A.22)
we can rewrite Eq. (A.21) as
H(λ) = −2 ∑
p,q,p 6=q
Jp · Jq
(ωp − λ)(ωp − ωq) + 2A
∑
p
J0p
(ωp − λ) . (A.23)
Note that
lim
λ→ωp
(λ− ωp)H(λ) = 2
∑
q,q 6=p
Jp · Jq
ωp − ωq − 2AJ
0
p . (A.24)
Now defining
A =
1
µ
, (A.25)
Eq. (A.24) gives our invariants in the mass basis:
2hp
µ
= 2
∑
q,q 6=p
Jp · Jq
ωp − ωq −
2
µ
J0p . (A.26)
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Multiplying Eq. (A.26) with ωP and summing over p in Eq. (A.26) gives the Hamiltonian
of Eq. (54):
H
µ
=
∑
p
ωp
hp
µ
=
∑
q,p,q 6=p
Jp · Jq − 1
µ
∑
p
ωpJ
0
p . (A.27)
We now showed
[hp, H] = 0, (A.28)
[X(λ), H] = 0, (A.29)
[X(λ), hp] = 0, (A.30)
Clearly we can generate more invariants by taking different values of λ.
One can calculate the eigenvalues of hp by taking the appropriate limit of Eq.
(A.15). Designating the eigenvalue of the Casimir operator J2p as jp(jp + 1), after some
algebra one obtains
hp|ξ >= ǫp|ξ > (A.31)
where
ǫp = µ
∑
q,q 6=p
jpjq
ωp − ωq +
1
2
jp − µjp
n∑
α=1
1
ωp − ξα (A.32)
provided that ωp 6= ξα. For the eigenvalues of the Hamiltonian in Eq. (54) we then get
En = µ
∑
p 6=q
jpjq +
1
2
∑
p
ωpjp − µn
∑
p
jp + µ
n(n− 1)
2
− 1
2
∑
α
ξα. (A.33)
Since the Hamiltonian is Hermitian, these eigenvalues must be real, indicating that ξα
are either all real or come in complex conjugate pairs.
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